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Abstract 

To address the challenges in fault location in distribution networks, the distribution of magnetic field under overhead 
line and its relationship with three-phase currents are explored in this paper. At the same time, considering the influ-
ence of sensor installation position, line sag and galloping on magnetic field, a grounding fault location method of 
an overhead line based on dual-axis magnetic field trajectory is proposed. The analytical expressions of the magnetic 
field on the x-axis and y-axis under the overhead line are obtained by least squares fitting. The Lissajous figure synthe-
sized by dual-axis is then compared with the general equation of an ellipse, and the characteristic quantity expression 
characterizing the magnetic field trajectory structure is obtained. Finally, a fault location criterion is constructed using 
the difference of the characteristic quantities of the ellipses synthesized by x-axis and y-axis magnetic fields upstream 
and downstream of the fault point, i.e., the difference of the length of the major axis and the minor axis, and the sign 
for the ratio of the cosine value of the inclination angle. Compared with other location methods based on electrical 
quantity, the principle of this method is simpler and it can locate faults more quickly and accurately. A large number 
of simulation results show that the proposed method is suitable for different types of fault conditions.

Keywords  Magnetic field, Fault location, Lissajous figure, Distribution network

1  Introduction
The safe and stable operation of a distribution network is 
the key factor in ensuring residents’ reliable power sup-
ply and consumption. Fast and accurate fault location 
can help operators repair faults in a short time, so as to 
reduce power outage time and avoid economic losses. It 
is thus of great significance for the stable operation of the 
power grid and economic development.

At present, there is a lot of mature research on the fault 
location of high-voltage transmission lines. However, 
there are problems in the location methods proposed 
for a distribution network with a weak fault signal, and 
consequently, there is still a lack of adequate and reliable 
solutions [1, 2]. The location accuracy of the traditional 
impedance method [3–5] is easily affected by line param-
eters, grounding impedance and distributed generator 
connection. The application of traveling wave methods 
requires expensive devices, and therefore large invest-
ment. It is thus often used in high-voltage transmission 
lines and cables [6–8], while it is not suitable for distri-
bution networks with many branches. Emerging artificial 
intelligence technologies such as ANN (Artificial neural 
network) [9] and K-NN (K-nearest neighbor) [10] need to 
train on a large amount of data and take a long time to 
process.
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In recent years, the non-contact location method based 
on electric and magnetic fields under overhead lines has 
become a research hotspot. Reference [11] discusses the 
case of replacing current transformers with magnetic 
field sensors as line monitoring devices, and proposes a 
combined algorithm based on the magnetic field to locate 
faults. As the basic elements of the magnetic field, the 
magnitude and direction can also be used as the basis 
of section location [12, 13], and the obtained magnetic 
field data can be further used to identify the fault type 
and determine the precise location of the fault. Reference 
[14] reconstructs the current through the magnetic field 
sensors, and combines the obtained current and mag-
netic field and fault characteristics to locate faults. This 
is suitable for multi-circuit transmission line. In [15], 
magnetic field sensors are only installed at individual 
locations (such as line terminals, substations portals, 
etc.), and traveling wave theory and Extended Kalman 
filter are combined to locate faults. This method does 
not use the low-cost advantage of magnetic field sen-
sors, and the accuracy of the results is limited by the 
sampling rate of the device. In some studies, the electric 
field of the overhead line is also obtained by non-contact 
measurement, and the localization is achieved by the dif-
ference of the electric fields upstream and downstream 
of the fault point [16]. In fault detection, especially in 
the field of high impedance fault detection, the mag-
netic field-based methods still have good results. In [17], 
by introducing mathematical changes, the steady-state 
symmetrical component of the rotating magnetic field 
signal is obtained, as such processing can eliminate the 
influence of pole geometry. For high impedance faults 
involving tree branches, reference [18] uses giant mag-
neto-resistive (GMR) to detect fault characteristics in the 
early stages of faults, whereas [19] extracts the transient 
characteristics of the magnetic signal through a multires-
olution morphological gradient and classifies them with 
support vector machines. This method can distinguish 
high impedance faults from other transients, such as load 
switching, no-load transformer switching etc. In [20], the 
magnetic signal is decomposed by wavelet transform, and 
the fault detection and classification are realized by com-
bining with a variance spectrum evaluation.

A method based on two-dimensional and three-
dimensional ellipse trajectory analysis is widely used 
in power grid fault location, fault detection and power 
quality analysis. Reference [21] analyzes the three-
dimensional polarization ellipse composed of three-
phase voltages, and constructs the location criterion 
through the parametric equation of five ellipse param-
eters. In [22], three methods are proposed to real-
ize the time domain protection of transmission lines 
based on the current and voltage characteristics in 

three-dimensional cartesian coordinates. The nonlinear 
voltage-current characteristic profile corresponding to 
the current and voltage waveforms can also be used as 
the basis for identifying high impedance faults [23]. In 
[24], the dynamic trajectories of the volt-ampere char-
acteristics of the zero-sequence current and voltage in 
the characteristic frequency band are analyzed, and the 
high impedance fault is detected by the positive and 
negative sum of local rotation angles between two con-
tinuous vectors. Reference [25] quickly detects faults 
by judging whether the short sequence of points are 
inside the two-dimensional elliptical structure formed 
by voltage and current at normal operating conditions, 
while [26] uses three-phase voltage to synthesize rota-
tion vector, and characterizes and classifies voltage sags 
and swells based on the elliptical parameter of rotation 
vector. References [27, 28] perform a Clarke transfor-
mation on the three-phase voltage, and a voltage sag 
parameter calculation and fault classification based on 
the transformed voltage ellipse.

In this paper, the sine function expressions of the 
x-axis and y-axis magnetic fields are obtained by least 
squares fitting, and the difference of characteristic 
quantities between the dual-axis magnetic field syn-
thetic trajectories upstream and downstream of the 
fault point is analyzed. At the same time, considering 
the influence of the installation position of the sensor, 
line operation condition and data window, a distribu-
tion network grounding fault location method based on 
the characteristic quantities of elliptical trajectories of 
the magnetic field is proposed. Because the magnetic 
field sensors have many advantages such as low cost, 
easy installation and maintenance etc., more moni-
toring points can be installed to obtain sufficient line 
operating status information, so that the method has 
high accuracy and can realize accurate positioning of a 
distribution network. The number of sensors is deter-
mined based on three principles: importance of feed-
ers; economy of power grid; and cooperation with the 
installed line monitoring device.

The main contributions of this paper are as follows:

1.	 By combining the sine function of the x-axis and 
y-axis magnetic fields fitted by the least squares 
method with the Lissajous figure, the two-dimen-
sional figure is used to characterize the operational 
state of the line, thereby making full use of the mag-
netic field information in the direction of strong 
components (the z-axis component is weak and can 
be ignored).

2.	 Taking the three structural features (major axis, 
minor axis and inclination angle) of the Lissajous fig-
ure as the basis for fault location, the final results are 
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obtained by voting. This improves the reliability of 
fault location.

2 � Theory analysis
2.1 � Fault analysis
The power grid topology is shown in Fig. 1. It shows an 
A-phase grounding fault in a 10 kV distribution network. 
When the line operates normally, the current flowing 
through the phase conductor is:

where I is the phase current, IC is the phase to ground 
capacitance current, IL is the load current of each phase, 
C is the phase to ground capacitance of the correspond-
ing section, E is the power supply phase voltage, U0 is the 
neutral point to ground voltage, and If is the fault current.

In the case of a fault, the fault phase currents upstream 
and downstream of the fault point of the fault feeder are 
given respectively as:

The healthy phase currents of the fault feeder are:

It can be seen that since the load current remains 
unchanged, the current change comes from the capaci-
tance current generated by the line capacitance after 
the voltage change. The current variations of the two 
healthy phases of the fault feeder are basically the same, 
and are significantly less than the sudden change of the 
fault phase current upstream of the fault point. The 

(1)I = IC + IL = jωC(E + U0)+ IL

(2)I ′a = I ′aC + I ′aL + If = jωC ′(Ea +U ′)+ I ′aL + If

(3)I ′′a = I ′aC + I ′aL = jωC ′′(Ea +U ′)+ I ′aL

(4)I ′b = I ′bC + I ′bL = jωCb(Eb +U ′)+ I ′bL

(5)I ′c = I ′cC + I ′cL = jωCc(Ec +U ′)+ I ′cL

current change of the downstream fault phase of the 
fault point has the same characteristics as those of the 
healthy phases, but is still much smaller than that of the 
upstream fault phase. Figure 2 shows the magnetic field 
distribution of the magnetic field sensor at different posi-
tions under the phase conductor.

As shown in Fig.  2, the geometric relationship 
between the sensor and the phase conductor can be 
divided into three types. When the sensor is directly 
below the conductor, only the x-axis magnetic field is 
generated. When the conductor is obliquely below, the 
magnetic field generated by the current-carrying con-
ductor can be divided into the x-axis and y-axis. The 
magnetic field generated by each phase conductor can 
be expressed as:

The vector sum of the magnetic field at the sensor is:

Based on Fig.  2 and (6), the magnetic field on the x 
and y axes under the overhead line can be expressed as:

where μ0 is the permeability of air, and its value is 
4π × 10−7 N A−2. The first matrix on the right side of (6) 
is used as the position matrix, which is determined by 
the position relationship between the magnetoresistive 
sensor and the phase conductors. rA, rB and rC are the 
distances between the three-phase conductors and the 
sensor, while IA, IB and IC are the three-phase currents, 
respectively.

After a fault occurs, it can be seen from (1)–(5) 
and (8) that the current of the healthy phase changes 
slightly after the fault occurrence, and the currents 
of the fault phase upstream and downstream of the 

(6)BA =
µ0IA

2πrA
BB =

µ0IB

2πrB
BC =

µ0IC

2πrC

(7)

�B = Bxix + Byiy + Bziz

= (BB + BA cos θ + BC cos θ)ix + (BA sin θ − BC sin θ)iy

(8)
�
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Fig. 1  Grounding fault model of distribution network

Fig. 2  Magnetic field distribution at the sensor
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grounding point are significantly different, resulting in 
the change of the magnetic field near the overhead line 
after the fault occurrence. Figure 3 shows the dynamic 
trajectories of the magnetic fields upstream and down-
stream of the fault point when a grounding fault occurs 
for 100 ms.

In Fig.  3, when the dynamic trajectory in the time 
domain is projected to the plane of the x and y axes, 
it can be clearly seen that the elliptical structure of the 
magnetic field trajectory changes significantly after 
the fault occurrence. At the same time, there are obvi-
ous differences in the structure of ellipses upstream 
and downstream of the fault point. Since the magnetic 
fields at both ends of the healthy section remain largely 
the same after the fault, the location criterion can be 
constructed according to whether there are obvious 
changes in the structures of the magnetic field ellipses 
at both ends of the section.

2.2 � Least squares method
The least squares method is widely used in line and 
curve fitting. Its purpose is to find the best matching 
function of the data. The core idea is to minimize the 
error between the real value and the predicted value by 
finding the undetermined coefficients of a set of linear 

independent functions selected in advance. The error is 
expressed in the form of square sum. The general form 
of least squares in an unconstrained optimization prob-
lem is given as:

where ri(x), (i = 1, 2,…, n) is the residual function, y is the 
real value and ŷ is the predicted value.

In actual distribution networks, the measured mag-
netic field waveform is a non-standard sine wave because 
of factors such as the non-periodic component generated 
by the fault, the error of the monitoring device itself, and 
external interference, which cannot form Lissajous fig-
ures. In this paper, the least squares method is used to fit 
the dual-axis magnetic field to obtain two standard sine 
functions, thus forming a Lissajous figure. In the fault 
location method, the real value is the actual magnetic 
flux density obtained at each monitoring point, and the 
predicted value is the function value of the sinusoidal 
magnetic field wave formed by fitting.

2.3 � Lissajous figure
‘Lissajous figure’ refers to the regular and stable closed 
curve synthesized by two simple harmonic vibrations 
with frequencies in a simple integer ratio in the direction 
perpendicular to each other. In a power system, the Lis-
sajous figure is widely used in two-dimensional syntheses 
of current, voltage and impedance [29, 30].

For two sine functions x and y with the same frequency:

After transformation, there is:

(9)
n

∑

i=1

r2i =

n
∑

i=1

[

yi − f (xi, ŷ)
]

= min f (x)

(10)
x = Bx = A sin(ωt + θ1)

y = By = B sin(ωt + θ2)

Fig. 3  Dynamic trajectory of magnetic field upstream and 
downstream of fault point

Fig. 4  Lissajous figure with different initial phase angle difference
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2.3.1 � Influence of initial phase angle on Lissajous figure
The difference of the initial phase angle will not affect the 
period of the synthetic trajectory, but will cause its shape 
to change. Figure 4 shows the Lissajous figure formed by 
seven groups of sine functions with amplitude of 1 and 
same frequency but with different initial phase angle dif-
ferences (Δθ = θ1 − θ2).

It can be seen that the difference Δθ between the initial 
phase angles of the two sine functions has the same char-
acteristics as the inclination of the major axis of the Lis-
sajous closed figure, such as when Δθ is an acute angle, 
the inclination of the major axis is also an acute angle, 
and when Δθ is 90°, the inclination of the major axis is 
also a right angle. When Δθ is 0° or 180°, the trajectory 
shrinks to a straight line. Moreover, since the amplitude 
of each group of functions is 1, the amplitude of the tra-
jectory on each axis is also 1.

The smaller the upstream initial phase angle difference 
of the fault point, and the larger the downstream initial 
phase angle difference, the more obvious the difference 
of the major axis inclination angle of the upstream and 
downstream Lissajous figures. This means the cosine 
ratio is more stable to a negative value, i.e., the more 
likely it is the fault section, and the location results are 
more reliable.

2.3.2 � Influence of amplitude on Lissajous figure
When the amplitude changes, the length–width ratio of 
the figure will change at the same time. Figure  5 shows 
a graphic comparison of sine functions with different 
amplitudes on each axis when each group of functions 
has the same initial phase angle difference (60°) and fre-
quency (Y/X = 2).

As shown in Fig. 5, the amplitude of the ellipse on each 
axis is the same as the amplitude of its corresponding 

(11)

x2

A2
+

y2

B2
− 2

xy

AB
cos(θ1 − θ2)− sin2(θ1 − θ2) = 0

sine function. The length of the major axis of the ellipse 
increases significantly with the increase of the amplitude 
of the sine function. For example, when the amplitude of 
a sine wave moves in the x-axis direction in a group of 
functions increases by 3 times, the length of its trajec-
tory on the x-axis increases significantly. At the same 
time, with the increase of the amplitude ratio, the ratio of 
major to minor axis also increases. In Fig. 5, since Δθ is 
an acute angle, although the major axis inclination angles 
change with the change of the function amplitude ratio, 
they are all acute angles, which is still in accord with the 
above conclusions.

After the fault occurrence, for the sine function of the 
dual-axis magnetic field upstream, its amplitude is obvi-
ously larger, and the major axis of the synthesized Lis-
sajous figure is also longer, while the axis downstream is 
shorter because of the small amplitude of the sine func-
tion. This can be used as a criterion for location. The 
greater the amplitude difference between the upstream 
and downstream sine functions, the greater the differ-
ence between the major axes of the two synthesized Lis-
sajous figures, and the more likely the corresponding 
section is a fault section.

3 � Fault location method
The general equation of an ellipse is:

Equation (11) derived from Lissajous figure is consist-
ent with the general equation (12) of an ellipse in struc-
ture. Therefore, by comparing the two equations, the 
parameter of the Lissajous figure (i.e. the parameter of 
the standard sine function) A, B, θ1, θ2 can be used to rep-
resent the parameter a, b, c, d, e, f of the ellipse equation, 
as a = 1/A2, b = − 2cos(θ1 − θ2)/AB, c = 1/B2, d = e = 0, 
f = − sin2(θ1 − θ2).

The geometric center of the ellipse determines its posi-
tion. The three characteristic quantities of the ellipse’s 
major axis, minor axis and major axis inclination angle 
can characterize its specific shape. These components 
can all be represented by ellipse parameters, and the geo-
metric center coordinates are:

The expressions of the major axis L, minor axis l and 
major axis inclination angle δ are:

(12)ax2 + bxy+ cy2 + dx + ey+ f = 0

(13)X =
be − 2cd

4ac − b2
= 0 Y =

bd − 2ae

4ac − b2
= 0

(14)L =
2(aX2 + cY 2 + bXY − f )

a+ c −
√

(a− c)2 + b2

Fig. 5  Lissajous figures at different amplitudes
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Since the parameters of the Lissajous figure (i.e. the 
parameters of the standard sine function) can represent 
the parameters of the general equation of the ellipse, it 
can also represent the three characteristic quantities of 
the ellipse, and the specific expressions are:

So far, the x and y axes magnetic field data obtained at 
each monitoring point can be fitted and synthesized to 
obtain the three characteristic quantities of an ellipse.

It can also be seen from (17) to (19) that the ampli-
tudes and initial phase angles of the magnetic field 
waveforms on the x-axis and y-axis will affect the three 
characteristic quantities of the elliptical trajectory. At 
the same time, when the difference of the phase angle 
θ1 − θ2 is 0, both L and l are 0. When only the ampli-
tude ratio A/B changes, L/l also changes accordingly. 
The analysis results meet the conclusions in the princi-
pal part above.

The voting method can improve the robustness of 
the location method, which can be divided into soft 
voting and hard voting. Hard voting determines the 
final results according to the principle that the minor-
ity obeys the majority, whereas soft voting makes the 
final judgment through the average probability, which 
is suitable for predicting the probability of various 
results. As this paper intends to get a clear and deter-
mined fault section, considering the intuitiveness of the 
results, the hard voting method is adopted.

In this paper, the fault location criterion is con-
structed by the structural difference of the synthetic 
trajectory of the dual-axis magnetic field, and the spe-
cific location process is shown in Fig. 6.

Major axis criterion: Considering that the difference 
Lq − Lh between the upstream and downstream major 
axes of the fault point increases with the increase of 

(15)l =
2(aX2 + cY 2 + bXY − f )

a+ c +
√

(a− c)2 + b2

(16)δ =
1

2
arctan

(

b

a− c

)

(17)

L =
2 sin2(θ1 − θ2)A

2B2

A2 + B2 −

√

A4 + B4 + A2B2
[

4 cos2(θ1 − θ2)− 2
]

(18)

l =
2 sin2(θ1 − θ2)A

2B2

A2 + B2 +

√

A4 + B4 + A2B2
[

4 cos2(θ1 − θ2)− 2
]

(19)δ =
1

2
arctan

(

−2AB cos(θ1 − θ2)

B2 − A2

)

Lq + Lh of the major axes, the braking amount Lq + Lh 
is added to form a differential protection with ratio 
braking characteristics. The action condition is Lq-
Lh ≥ Lo + k(Lq + Lh), where Lo is the minimum starting 
length and K is the braking coefficient. The selection of 
braking coefficient considers the magnetic field error 
caused by the maximum unbalanced current, which is 
taken as 0–1, while the minimum starting length takes 
a small threshold value.

Minor axis criterion: Compare the absolute value |Δl| 
of the difference between the minor axes of the mag-
netic field ellipses at both ends of each section with the 
set value Kset, and determine the fault section when it is 
greater than the set value.

Inclination angle criterion: Take the cosine values cosδq 
and cosδh of the inclination angles of the major axes of 
the magnetic field ellipses at both ends of each section. 
When the ratio of the cosine values at both ends cosδq/
cosδh is negative, it is judged as a faulty section, other-
wise it is a healthy section.

Fig. 6  Fault location flow chart
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4 � Influencing factors
4.1 � Influence of sensor installation position
The geometric relationship between the installation posi-
tion of the magnetoresistive sensor on the tower and the 
three-phase conductors determines the strength of the 
magnetic field at the sensor, i.e., it affects the shape of the 
elliptical trajectory.

The three types of tower arrangement commonly used 
in China are shown in Fig. 7.

In this paper, the horizontal arrangement is taken as 
an example for analysis. The sensor is installed on the 
tower, i.e., the horizontal center of the three-phase con-
ductors, and the difference of magnetic field trajectory 
under different installation heights and its influence on 
the location algorithm are explored. When the lines and 
the sensor are very close, although it has a stronger mag-
netic field its waveform change is not stable and is eas-
ily affected by external interference. The sine function 
obtained by least squares fitting is too different from the 
actual magnetic field waveform, and consequently, the 
synthetic Lissajous figure cannot accurately reflect the 
real line operational situation. When they are far away, 
the magnetic field is weak, so high sensor precision is 
required and the effective data may not be monitored, 
making the location method impossible [31]. Therefore, 
these two cases are not considered. Figure  8 analyzes 
the magnetic field elliptical trajectories when the dis-
tances between the sensor and the three-phase conduc-
tors in the vertical direction are 2 m, 3 m, 4 m, and 5 m, 
respectively.

No matter how far away the sensor is from the phase 
conductors, the magnetic field trajectory formed in 

normal time is a standard ellipse with the major axis on 
the y-axis. The closer the sensor is to the conductors, the 
greater the magnetic induction intensity on the x-axis 
and y-axis, and the longer the major axis and minor 
axis of the ellipse obtained by the dual-axis, as shown 
in Fig.  8. At the same time, when the sensor is close to 
the conductors, the ratio of the major axis to the minor 
axis is small, close to 1. Therefore, the sensor installed at 
about 3 m from the horizontal height of the conductors 
has a better measurement effect.

4.2 � Influence of conductor sag
The purpose of sag and galloping analysis in this section 
is to confirm that the magnetic field difference between 
adjacent monitoring points caused by them is lower than 
that caused by faults.

In order to simplify the calculation, lines are regarded 
as horizontal straight conductors, but the actual conduc-
tors are catenary lines with sag due to gravity. In real sys-
tems, the three phase conductors often have sag of the 
same height, and the maximum sag point is in the middle 
of each span.

As shown in Fig. 9, s is the sag. Based on the position of 
the elementary current on the catenary, a coordinate sys-
tem is formed, with the lowest point of the intermediate 
phase conductor as the origin.

Combining the catenary equation and Biot-Savart law, 
the magnetic flux density at the sensor is [32, 33]:

(20)

Bx′ =
µ0I

′

4π

∫ Ls/2

−Ls/2

sinh(z′/a)(zs − z′)− (ys − y′)
[

(xs − x′)2 + (ys − y′)2 + (zs − z′)2
]3/2

dz′

(21)

By′ =
µ0I

′

4π

∫ Ls/2

−Ls/2

xs − x′

[

(xs − x′)2 + (ys − y′)2 + (zs − z′)2
]3/2

dz′

(22)

Bz′ =
µ0I

′

4π

∫ Ls/2

−Ls/2

− sinh(z′/a)(xs − x′)
[

(xs − x′)2 + (ys − y′)2 + (zs − z′)2
]3/2

dz′

Fig. 7  Different arrangement of three-phase conductors

Fig. 8  Magnetic field trajectory at different distances between sensor 
and lines

Fig. 9  Actual catenary line
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where a is the catenary coefficient, I’ is the phase current, 
xs, ys and zs are the sensor coordinates in the x’, y’ and z’ 
coordinate system, and Ls is the span length.

Taking the horizontally arranged tower as an exam-
ple, the span Ls is 150 m and the height of the sensor is 
3  m below the conductor. When the line is regarded as 
the ideal situation of the horizontal straight conductor 
and the catenary with the sag of 1.4 m, the magnetic field 
waveform and elliptical trajectory are shown in Fig.  10, 
and the three-dimensional ellipse synthesized in space is 
shown in Fig.  11. The dual-axis magnetic field and syn-
thetic ellipse of the horizontal straight conductor at the 
sensor are Bxh, Byh and Bh, respectively. When consider-
ing sag, the magnetic field on the three axes and dual-axis 
synthetic ellipse on the three axes are Bxs, Bys, Bzs and Bs, 
respectively:

It can be seen from Figs. 10 and 11 that when the con-
ductor sag is 1.4 m, each current element on the conduc-
tors is closer to the sensor in the vertical direction, i.e., 
on the whole, the distance between the conductors and 
the sensor is smaller. Therefore, compared with the ideal 
model of horizontal straight line, the magnetic fields of 
x-axis and y-axis obtained in this case are stronger and 
the major and minor axes of the synthesized ellipse 
are longer, but the overall difference is not obvious. At 
the same time, there is a magnetic field component on 
the z-axis, but it is very weak, and its amplitude is only 
0.1795μT (3.93% of the x-axis amplitude and 2.51% of 
the y-axis amplitude), which makes it difficult to detect. 

Therefore, it is not taken as the basis for fault location, 
and only the magnetic fields on the x-axis and y-axis are 
considered.

When analyzing the magnetic field difference between 
the catenary line and horizontal straight conductor, con-
sidering that the ratio of magnetic flux density to current is 
constant. B/I is set at v, and therefore, |ΔB| is defined as the 
error between v corresponding to different magnetic flux 
densities. The calculation results are shown in Table 1.

According to the error data in Table 1 and Fig. 10, when 
considering the influence of sag on the x-axis and y-axis 
magnetic fields, it is approximately equal to the magnetic 
field generated by current-carrying straight conductor, and 
the error is no more than 4%. In addition, it can also be seen 
from Fig. 10 that the conductor sag does not significantly 
affect the shape of the magnetic field trajectory. Thus, it can 
be concluded that the sag can be regarded as having negli-
gible effect on the location method, but the computational 
complexity will increase if considered. Therefore, in this 
paper, the influence of sag is ignored.

4.3 � Influence of conductor galloping
When the line is galloping because of wind blowing or une-
ven icing, the line as a whole is approximated as being on a 
plane, as shown in Fig. 12. As shown, the distance between 
phase and phase is k, and the line is inclined towards the 
edge phase (A phase), s and s’ are the lowest points of the 
line when there is no galloping and galloping, respectively.

By analyzing the relationship between each phase con-
ductor and the y–z plane in Fig. 12, the calculation of the 
basic current coordinate is improved as follows:

Fig. 10  Magnetic field waveform and synthetic trajectory of each 
axis

Fig. 11  Magnetic field trajectory in three-dimensional space

Table 1  Errors at different conductor sags

0/0 indicates that the magnetic field does not exist in both cases. (When the B 
phase line is directly above the sensor, the magnetic field on the y-axis is 0.)

|ΔB| (%) A phase B phase C phase

x-axis 1.85 3.28 1.85

y-axis 2.32 0/0 2.32

Fig. 12  Galloping line and coordinate axis plane
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where φ is the angle between the plane where the line is 
located and the y–z plane.

When s is 1.4 m and the line inclination angle φ is 5°, 
25°, and 50° respectively, the magnetic field errors with 
current-carrying straight line (the inclination angle of 
0°) are shown in Table 2.

It can be seen from Table  2 that the greater the dif-
ference between the inclination angles of the two adja-
cent sections of lines, the higher magnetic field error. 
However, the overall difference is small, e.g., the error 
is less than 3% when the inclination angle differs by 50°. 
Therefore, the magnetic field difference between the 
two adjacent monitoring points caused by the galloping 
is far smaller than the magnetic field difference caused 
by the fault. As the method in this paper is based on 
the magnetic field difference of adjacent monitoring 
points to achieve fault location, the small magnetic field 
difference caused by galloping does not meet the fault 
criteria and will not cause misjudgment, so it is not 
considered in the location method.

(23)y′ = s −
{

s − a
[

cosh(z′/a)− 1
]}

cosϕ

(24)x′ =
{

s − a
[

cosh(z′/a)− 1
]}

sin ϕ

4.4 � Influence of data window
When taking the sampling data window, it is neces-
sary to make the fitted sine function close to the origi-
nal data and the trajectory close to the standard ellipse. 
Figure  13 shows the fitting effect of the least squares 
method on different sampling data windows of Bx after 
fault, whereas Fig. 14 shows the original waveform of By 
after fault and the trajectory synthesized by Bx and By.

From the results in Fig.  13, it can be seen that the 
transient component at the beginning of the fault has 
a great impact on the sinusoidal fitting effect. This 
increases the difference between the fitting function 
and the original data. This is not conducive to the 
implementation of the algorithm in this paper, espe-
cially with rich transient components. As shown in 
Figs. 13 and 14, the trajectory synthesized by the origi-
nal Bx and By at the initial stage of the fault has almost 
no elliptical characteristics.

The two sine functions obtained by the least squares 
fitting are:

Similarly, the two y-axis sine functions obtained by 
least squares fitting are:

At the same time, it can be seen from the sine function 
expressions in (25)–(26) that ω of the function fitted at 
the initial stage of the fault is often quite different from 
2πf (i.e. = 314), while the value of ω for the function of 
the stable magnetic field is closer to 314. It can be seen 
that choosing different data windows will have a great 
impact on the fitting effect of the least squares method. 
As the accuracy of the location algorithm can only be 
guaranteed when it is executed on the real and reliable 
line operation data, this paper chooses the sine function 
obtained by the steady-state magnetic field fitting as the 
premise of location.

(25)
{

Bx_transient = 0.5954 sin(310.3t − 0.5721)

Bx_steady = 0.5802 sin(314.5t + 17.56)

(26)

{

By_transient = 1.498 sin(311.3t − 0.5924)

By_steady = 1.465 sin(314.4t+17.73)

Table 2  Magnetic field errors at different angles

0.0010/0, 0.0049/0, 0.0087/0 indicates that the v is 0.0010, 0.0049, 0.0087 at O’5°, 
O’25°, O’50° respectively, and is 0 at O’

|ΔB| (%) A phase B phase C phase

(O’–O’5°)x 0.2432 0.0012 0.2246

(O’–O’25°)x 1.3664 0.0322 0.9063

(O’–O’50°)x 2.9253 0.1227 1.1964

(O’–O’5°)y 0.1617 0.0010/0 0.1399

(O’–O’25°)y 0.9749 0.0049/0 0.4916

(O’–O’50°)y 2.2414 0.0087/0 0.4236

Fig. 13  Fitting effect of Bx under different data windows

Fig. 14  By original waveform and dual-axis synthetic trajectory
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5 � Simulation and test verification
PSCAD is used to build a 10 kV distribution network as 
shown in Fig.  15. The voltage ratio of the system trans-
former is 110 kV / 10.5 kV, the overcompensation degree 
of the extinction coil is 5% [34, 35], and the sampling fre-
quency is 20 kHz. A ground fault occurs at f, and the line 
parameters are shown in Table 3:

5.1 � Different grounding impedances
The magnetic field data of the second and third cycles 
after the fault are taken, with added noise at the same 
time.

When the grounding impedance is 5 Ω, the sine wave 
of the dual-axis magnetic fields fitted upstream and 
downstream of the fault point is shown in Fig. 16. It can 
be seen from Fig.  16 that the high-frequency transient 
components are already very weak, the waveforms are 
stable, and the least squares method has a good fitting 
effect on the scatter data. The expressions of the dual-
axis magnetic field functions upstream and downstream 
of the fault point are:

The ellipse general equation parameters are obtained 
through the sine function parameters and the compari-
son and derivation above, as shown in Table  4. It can 
be seen from the parameters in Table  4 that there are 

(27)
{

Bx = 14.29 sin(313.5t − 1.45)

By = 28.45 sin(313.7t − 1.035)

(28)
{

Bx = 10.49 sin(314t + 2.862)

By = 6.704 sin(314.4t − 1.381)

obvious differences in the elliptical shapes of the mag-
netic field upstream and downstream of the fault point.

Based on (27) and (28), the characteristic quantities 
of the magnetic field trajectory can be obtained, and 
the characteristic quantities of the upstream and down-
stream of the fault point under different grounding 
impedances are simulated, as shown in Table  5, Fig.  17 
and Fig. 18.

It can be seen from Figs. 17 and 18 that the magnetic 
field trajectory is a vertical ellipse in normal conditions. 
In the case of a fault, with the decrease of grounding 
impedance, the major axis of the magnetic field ellipse 
upstream of the fault point increases significantly, while 
the minor axis only changes slightly. Although the major 
axis downstream of the fault point also increases, the 
increase is relatively small. At the same time, comparing 
Figs. 17 and 18, it can be seen that the inclination angle 
of the major axis upstream of the fault point gradually 
decreases from 90° with the decrease of the ground-
ing impedance, while the inclination angle downstream 
of the fault point gradually increases from 90°. It can be 
seen from Table 5 that under different grounding imped-
ances, there are obvious differences in the lengths of the 
major and minor axes at both ends of the fault section. 
The upstream inclination angle is less than 90° while the 
downstream inclination angle is greater than 90°. Conse-
quently, the cosine ratio of the two inclination angles is 
negative, and accurate location results can be obtained. 
At the same time, the smaller the grounding imped-
ance is, the more obvious the difference between the 
characteristic quantities of the magnetic field trajecto-
ries upstream and downstream of the fault point is. For 
example, when the grounding impedance is 5 Ω, the dif-
ference between the major axis ΔL reaches 40, which is 
close to twice the length of the downstream major axis. 
Therefore, this algorithm has high reliability when the 

Fig. 15  10 kV distribution network

Table 3  Line parameters

Line type Phase sequence R (Ω/km) L (mH/km) C (μF/km)

Overhead line Positive sequence 0.170 1.210 9.700

Zero sequence 0.230 5.480 6.000

Fig. 16  The fitted sine wave of dual-axis magnetic field. a x-axis 
upstream of the fault point; b y-axis upstream of the fault point; c 
x-axis downstream of the fault point; and d y-axis downstream of the 
fault point
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grounding impedance is low, while it also has a certain 
adaptability to high impedance fault.

5.2 � Different fault inception angles
A ground fault occurs in the BC section, and the ground-
ing impedance is also 5 Ω. Considering the influence of 
different fault inception angles on the elliptical trajec-
tory, with the fault inception angles being 30° and 60°, 
the parameters of the x-axis and y-axis sine functions 
upstream and downstream of the fault point are shown 
in Table 6, while Fig. 19 shows the magnetic field ellipses 
under different fault inception angles.

Comparing the parameters of the sine functions when 
the fault inception angle is 30° and 60° as shown in 
Table 6, it can be seen that there is basically no difference 
in the amplitudes of the fitted sine functions under dif-
ferent inception angles. Although the initial phase angles 
θ of the sine functions are different, the resulting ellipses 
are almost identical, as shown in Fig. 19. Therefore, it can 
be concluded that the difference of fault inception angles 
will only affect the high frequency transient components 
at the beginning of the fault, while the criterion based on 
steady-state data will not be affected.

Table 4  Elliptic general equation parameters

Parameter a b c d e f

Upstream 0.0049 − 0.0045 0.0012 0 0 − 0.1626

Downstream 0.0091 0.0129 0.0223 0 0 − 0.7954

Table 5  Characteristic quantity of magnetic field ellipse

Grounding 
impedance

Location Major 
axis

Minor 
axis

Inclination angle

Degrees Cosine 
ratio

5Ω Upstream 62.81 10.44 64.56° − 0.46

Down-
stream

22.18 11.31 157.83°

100Ω Upstream 18.65 7.89 82.45° − 0.91

Down-
stream

14.02 10.10 98.31°

500Ω Upstream 14.89 8.47 87.11° − 2.80

Down-
stream

13.94 9.02 91.03°

1000Ω Upstream 14.41 8.59 88.54° − 1.12

Down-
stream

13.95 8.89 91.30°

Fig. 17  Magnetic field trajectory upstream of the fault point under 
different grounding impedances

Fig. 18  Magnetic field trajectory downstream of the fault point 
under different grounding impedances

Fig. 19  Ellipses under different fault inception angles

Table 6  Parameters of magnetic field sine functions under 
different fault inception angles

Inception 
angle

Location Coordinate 
axis

A ω θ

30° Upstream x 14.29 313.5 − 0.93

y 28.44 313.8 − 0.53

Downstream x 10.49 314.3 − 2.94

y 6.70 314.3 − 0.84

60° Upstream x 14.28 313.8 − 0.45

y 28.45 314.1 − 0.05

Downstream x 10.49 314.6 − 2.46

y 6.71 314.2 − 0.30
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5.3 � Different fault location
When the fault occurs in different positions of the line, 
the change of the upstream and downstream line length 
of the fault point will lead to a change of the capacitance 
to the ground of each part, resulting in the difference of 
current at each position. For this study, the grounding 
impedance is still set at 5 Ω and the fault inception angle 
is 60°. When the fault occurs at the end of EF section in 
Fig. 15 (close to the load side), the sine function param-
eters of the x-axis and y-axis magnetic fields upstream 
and downstream of the fault point and the characteristic 
quantities of synthetic ellipse are shown in Tables 7 and 
8, respectively. In the case of a load side fault, the mag-
netic field ellipses at both ends of the fault section are 
shown in Fig. 20.

Comparing Table  6 with Table  7, it can be seen that 
different fault locations have a great impact on the fitted 
sine functions, resulting in obvious differences in ampli-
tude. For example, in the case of a fault in the BC sec-
tion in Table 6, the amplitude difference ΔA of the x-axis 
upstream and downstream of the fault point is only 3.79, 
whereas for the end of EF section faults in Table  7, ΔA 
reaches 8.60. The closer the fault is to the load side, the 
greater the current difference between the upstream and 
downstream of the fault point is, resulting in greater dif-
ference of magnetic field. As shown in Figs.  19, 20 and 
Table 8, the major and minor axes upstream of the fault 
point only have small changes, but the major and minor 
axes downstream of the fault point decrease significantly, 
resulting in more obvious differences in the characteristic 
quantities of elliptical trajectories. This is more condu-
cive to the implementation of the location algorithm in 
this paper.

6 � Comparison with existing methods
For the magnetic field-based location methods, most are 
based on the amplitude difference and phase difference 
of the upstream and downstream magnetic fields of the 
fault point to achieve fault location. With such meth-
ods, based on the simulation model in Sect. 5, the abso-
lute value and phase of the magnetic fields upstream and 
downstream of the fault point are shown in Fig.  21. To 
verify the reliability of the method, the proposed method 
is compared with the method in [12], and the results are 
shown in Table 9.

As seen in Table 9, with the method in [12], the larger the 
grounding impedance, the smaller the amplitude difference 
between the upstream and downstream magnetic fields 
of the fault point. This is not conducive to localization. In 
addition, the size of the initial phase angle of the fault will 
also affect the realization of the direction criterion. In con-
trast, the proposed method contains almost all useful infor-
mation on the magnetic field under overhead lines, fully 
reflects the difference between adjacent monitoring points, 
and has stronger adaptability.

7 � Conclusion
By analyzing the difference of elliptical trajectories synthe-
sized by steady-state magnetic fields on the x- and y-axes 
after faults, a fault location method based on the character-
istics of dual-axis magnetic field trajectories is proposed. In 
this method, the steady-state magnetic field data on each 
axis are fitted by the least squares method, and the Lissa-
jous figure is compared with the general elliptic equation 
to obtain the characteristic quantity expression of the mag-
netic field trajectory. Finally, the fault section is located 
through the difference of the characteristic quantities 
upstream and downstream of the fault point. By analyzing 
the characteristic quantity of the magnetic field trajectory 
structure, this method can comprehensively characterize 
the difference between the upstream and downstream of 

Table 7  Sine Parameters in the case of fault at EF

Fault point Location Coordinate 
axis

A ω θ

EF Upstream x 16.11 313.9 − 0.31

y 26.28 314.1 − 0.04

Downstream x 7.51 314.4 − 2.34

y 4.60 314.2 − 0.26

Table 8  Ellipse characteristic quantity of fault at EF

Fault 
point

Location Major axis Minor axis Inclination angle

Degrees Cosine 
ratio

EF Upstream 61.21 7.38 58.92° − 0.56

Down-
stream

15.89 7.59 158.15°

Fig. 20  Magnetic field ellipse in the case of load side fault
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the fault point from different aspects, and make the fault 
location results more reliable and robust.
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